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Abstract: An ideal superradiant laser on an optical clock transition of
noninteracting cold atoms is predicted to exhibit an extreme frequency
stability and accuracy far below mHz-linewidth. In any concrete setup
sufficiently many atoms have to be confined and pumped within a finite
cavity mode volume. Using a magic wavelength lattice minimizes light
shifts and allows for almost uniform coupling to the cavity mode. Never-
theless, the atoms are subject to dipole-dipole interaction and collective
spontaneous decay which compromises the ultimate frequency stability. In
the high density limit the Dicke superradiant linewidth enhancement will
broaden the laser line and nearest neighbor couplings will induce shifts and
fluctuations of the laser frequency. We estimate the magnitude and scaling
of these effects by direct numerical simulations of few atom systems for
different geometries and densities. For Strontium in a regularly filled magic
wavelength configuration atomic interactions induce small laser frequency
shifts only and collective spontaneous emission weakly broadens the laser.
These interactions generally enhance the laser sensitivity to cavity length
fluctuations but for optimally chosen operating conditions can lead to an
improved synchronization of the atomic dipoles.
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1. Introduction
An essential and characteristic property of laser light, observed since its first generation, is its
extraordinary coherence and frequency stability well below the width of the optical resonator
used. Far above threshold the linewidth is limited by technical noise of the gain medium and
the mirrors only. Continuous technological advances have brought this limit down to an incred-
ible stability below the Hz-level [1], which competes against the Q and the linewidth of long
lived atomic clock states. At this point, further technological improvements seem extremely
challenging. Therefore, it has been suggested recently [2] and to some extent demonstrated ex-
perimentally [3, 4] that an atomic clock transition could be used as a narrow band gain medium
to run a laser. Due to the very feeble individual dipole moments of the atoms such a device
can only be operated in the strong collective coupling regime, where superradiant emission into
the field mode provides for the necessary gain [5]. In this domain of operation a huge collec-
tive dipole constituted by a large number of atoms, which are synchronized via their common
coupling to the cavity field [6, 7], will build up.
The general idea of superradiant lasers and their properties have been discussed already two
decades ago [8, 9], where a unique frequency stability scaling with the inverse square of the
atom number N and squeezed output light was predicted. Their superb accuracy in the regime
of a cavity linewidth much larger than the atomic linewidth were highlighted just recently [3].
Most importantly, in this case the laser becomes very insensitive to technical noise in the res-
onator and its properties are dominated by the intrinsic stability of the collective atomic dipole.
Under favorable conditions, with only a few photons and millions of atoms present, a natural
width of the system several orders of magnitude below the 1 Hz-level could be envisaged.
A central, yet open technical problem here is the implementation of a uniform collective cou-
pling of the atoms to the field mode as well as the optical pumping in the atomic system without
a considerable perturbation of the lasing levels, which in this case include the atomic ground
state. Thus, a very careful choice of operating parameters is required. Here, we study another
intrinsic source of perturbation in this sensitive system, namely direct dipole-dipole interaction
between the laser active atoms, as they are densely confined within the optical resonator. Simi-
lar to atom-atom collisions in Ramsey experiments [10], dipole-dipole couplings tend to induce
phase noise and decoherence of the collective atomic dipole. In particular in lattice setups at
low filling, where collisions are strongly suppressed, this should constitute the most prominent
source of noise for such a laser.
The basic phenomenon of superradiance was theoretically studied in detail, e.g. by Haroche
and coworkers [11], about 50 years ago using a variety of analytical approximation meth-
ods [12, 13]. As an important effect one finds that the decay rate of low energy collective
excitations grows linearly with the particle number N [14]. For multiply excited states the ef-
fect is increased further and the collective decay of a strongly inverted ensemble exhibits a
delayed intensity maximum largely proportional to N2 as a significant deviation from the ex-
ponential decay of individual atoms [15, 11, 16]. The phenomenon has been observed in a
large number of experiments in gases and solids [17, 15] and more recently also for ultracold
quantum gases [18, 19].
As in every laser setup, we naturally have to deal with inverted ensembles. Hence, we can
expect that superradiant effects will play an important role and the assumption of individual
atomic decay at the independent free space single atom rate will loose its validity. Let us em-
phasize that the collective symmetric coupling of the atoms to the cavity mode does not require
the atoms to occupy a small volume of the order of a cubic wavelength, but simply calls for an
almost equal cavity coupling constant for all atoms. Dicke superradiant spontaneous decay, on
the other hand, is maximal for closely spaced emitters, but still plays a decisive role in more
extended geometries and in particular for regularly ordered ensembles. While this free space
superradiant interaction and decay was incorporated intrinsically in the early works on super-
radiant lasing [8], it was neglected in the more recent considerations on superradiant lasing on
ultra narrow atomic transitions [2].
In the present paper we investigate the full model for the collective decay process in a super-
radiant laser configuration. While the underlying Hamiltonian and dynamical master equations
for the coupled atom-field dynamics are well established, exact treatments of the full decay
problem for more than a few particles is hardly possible apart from some special cases. Numer-
ical simulations can be performed for somewhat higher atom numbers in the fully collective
limit. However, for more particles in a small but finite volume, collective and individual de-
cay are present and the equations immediately become very cumbersome, as the number of
occupied states within the total physical Hilbert space (growing as 2N) gets prohibitively large.
Interesting results can still be obtained for special finite configurations, which should exhibit the
qualitative consequences of dipole-dipole coupling quite well. Besides demonstrating the un-
derlying basic physical mechanisms, our study aims at direct implications for the laser linewidth
of a magic wavelength lattice laser in the superradiant regime [20, 21, 3, 7].
2. Model
We consider N identical two-level atoms held in a regular spaced configuration, e.g. in a far
detuned optical trap, each of them symmetrically coupled to a single mode of a high Q optical
resonator. Due to the inherent exposure of the atoms to the vacuum bath the ensemble is af-
fected by coherent dipole-dipole energy exchange processes and also by collective spontaneous
emission [22]. Further, we employ a transverse incoherent pump, which allows us to use the
atoms as an active medium, as well as another dissipative process, the cavity loss. Upon Born,
Fig. 1: Schematics of a lattice laser setup. A transversely pumped (pumping rate R) finite atomic
ensemble with dipole-dipole couplings Ωi j and collective spontaneous emission Γi j inside an
optical resonator with a loss rate of κ
rotating wave and Markov approximation we end up with a standard Lindblad type master
equation. Explicitly the time-dependence of the N-atom density matrix is governed by (h¯ = 1)
∂ρ
∂ t
= i [ρ,H]+Lcd [ρ]+Lpump [ρ]+Lcav [ρ] =L [ρ] , (1)
with the Hamiltonian
H =
ω0
2 ∑i
σ zi +∑
i 6= j
Ωi jσ+i σ
−
j +ωc a
†a+Hint, (2)
where σ+i and σ
−
i are the raising and lowering operators for the atomic dipole of the i-th atom
with the transition energy ω0, the operators a† and a correspond to the creation and annihilation
of a photon with the frequency ωc in the cavity mode , Ωi j denotes the resonant dipole-dipole
energy transfer between the atoms i and j, and
Hint = g∑
i
(
aσ+i +a
†σ−i
)
(3)
represents the Jaynes-Cummings type interaction between the individual atomic transition
dipoles and the cavity mode with g being the coupling that emerges if a constant mode func-
tion is assumed. This approximation is justified in the situation where the atomic ensemble is
aligned transversely to the propagation direction of the cavity mode or its dimensions are much
smaller than the length of the resonator.
The collective atomic damping is accounted for by the Liouvillian
Lcd [ρ] =
1
2∑i, j
Γi j
(
2σ−i ρσ
+
j −σ+i σ−j ρ−ρσ+i σ−j
)
(4)
with generalized spontaneous emission rates Γi j arising from the coupling of the atomic tran-
sition dipoles through the vacuum field [23]. The incoherent transverse broadband pumping,
which in our model acts on each atom in the same way, leads to
Lpump [ρ] =
R
2∑i
(
2σ+i ρσ
−−σ−i σ+i ρ−ρσ−i σ+j
)
(5)
with R quantifying the pumping rate and cavity loss with the rate κ is described by
Lcav [ρ] = κ
(
2aρa†−a†aρ−ρa†a) . (6)
Observe that the collective coupling and decay matrices [Ωi j] and [Γi j] possess non-diagonal
elements, which have to be calculated as a function of the system’s geometry [16]. In many
other cases, due to the finite correlation length of vacuum fluctuations, these nondiagonal parts
can be safely neglected. Explicitly, for identical atoms we have [24]
Γi j =
3Γ
2
F (k0ri j) Ωi j =
3Γ
4
G(k0ri j) (7)
with Γ the single atom linewidth, k0 = ω0/c = 2pi/λ0 and
F (ξ ) =
(
1− cos2 θ) sinξ
ξ
+
(
1−3cos2 θ)(cosξ
ξ 2
− sinξ
ξ 3
)
,
G(ξ ) =−(1− cos2 θ) cosξ
ξ
+
(
1−3cos2 θ)( sinξ
ξ 2
+
cosξ
ξ 3
)
,
(8)
where ξ = k0ri j. Here, ri j denotes the relative distance between the atoms i and j and θ is the
angle the transition dipole draws with the vector connecting the two atoms.
A crucial property of a laser is its spectrum in the steady state. In order to calculate the
spectral distribution of the light field inside the cavity we employ the Wiener-Khinchin theo-
rem [25], where
S(ω, t) =
∫
e−iωτ
〈
a†(t+ τ)a(t)
〉
dτ. (9)
Numerically, this is achieved by at first determining the steady state ρS, which can be calcu-
lated as the kernel of the Liouvillian, i.e. solving L [ρS] = 0. Now, the annihilation operator a
is applied and we let this state evolve. After a time τ has elapsed, we apply the creation oper-
ator a† and Fourier-transform the trace of this aggregate, as the Fourier transformation of the
expectation value of the field correlation function equates to the spectrum of the intra cavity
and output light field.
3. Superradiant laser dynamics with confined ensembles
3.1. General properties of superradiant lasing
First, let us exhibit some general features of the dynamics of a laser with all atoms coupled
equally to the cavity mode in the two idealized limiting cases of (a) fully collective and (b)
individual independent spontaneous decay. Mathematically, this is implemented simply by set-
ting (a) Γi j = Γ for the collective case as discussed in [8] and (b) Γi j = Γδi j for independent
decay as studied in [2]. Surprisingly, the fully collective case is much easier to deal with nu-
merically as the total collective spin magnitude is conserved and the Hilbert space for N atoms
is restricted to the N +1 states of a spin-N/2 system. The effective pumping of the atoms can
also be described as an independent or collective mechanism. Here we refrain from including
dipole-dipole induced excitonic shifts of the energy levels. This assumption can be justified
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Fig. 2: Stationary photon number as a function of the pump strength R and the spontaneous
decay rate Γ for collectively pumped and collectively decaying atoms (a), individually pumped
but collectively decaying atoms (b) and individually pumped and individually decaying atoms
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Fig. 3: Output spectrum of a fully collective laser with different atom numbers N for Γ= κ/20
and R = κ/5 compared to the empty cavity linewidth (N = 0), absolute (a) and normalized (b)
for a completely homogeneous atomic density [11] but has to be reconsidered for concrete fi-
nite size implementations. We will explicitly account for this in the finite lattice geometries
discussed below.
Fig. 2 shows the mean photon number as a function of the pump strength R and the sin-
gle atom decay rate Γ for the three cases of collective pump and collective decay, individual
pump and collective decay and independent pump and independent decay for N = 4 atoms.
We see that the maximum photon number is not so different for the three cases and appears at
small spontaneous decay rates. For fully collective pump and collective spontaneous decay (fig.
2a)superradiant emission into free space limits the optimal operation regime to a lower pump
intensity, though.
Now, it is of course most interesting to look at the frequency stability or line-width of this
laser. As seen in fig. 3 the output intensity spectrum exhibits a nonlinear growth with the
atom number (green line), as expected, until it saturates (red line). Remarkably, however, the
linewidth does not narrow with the photon or atom number, but is even increased by superra-
diant spontaneous emission. Thus, the optimal case seems to be collective emission into the
lasing mode without superradiant spontaneous decay. We will investigate this in more detail in
the following sections.
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Fig. 4: Stationary operation of a four atom laser on a square lattice. (a) photon number, (b)
atomic inversion, where the black line indicates equal population of the excited and the ground
state, (c) g2(0) function, with the white line at g(2)(0) = 1 representing a coherent state
3.2. The superradiant lattice laser
Above we have seen that collective decay and collective pump strongly change the laser dy-
namics and its properties. Besides modified decay rates governed by eq.4 in any finite size
geometry dipole-dipole interaction as given by eq.2 has to be taken into account as well. To
study the basic physical effects, in this section we will investigate three different regular geo-
metric arrangements for the laser active atoms. We compare a linear chain, where we go beyond
the single excitation and nearest-neighbor coupling limits discussed in [14], to an equilateral
triangle and a square configuration. Let us point out, that for two atoms, e.g. [26], the particular
relative arrangement is irrelevant, and therefore the system can be handled analytically.
3.2.1. A square lattice of four atoms
As a generic example we first show the photon number, the inversion of the active medium
atoms and the g(2)(0) correlation function for a fixed cavity loss κ while tuning the pumping
rate R and the individual atom decay rate Γ for a four atom laser in a square lattice. The chosen
lattice constant is half of the magic wavelength for Strontium, λmagic/(2λ0) ≈ 0.58 [27, 20].
For the photon number shown in fig. 4a the maximum appears at a pumping ratio of R/κ = 2.2,
which is equal to the result from above for individual pumping and collective decay as depicted
in fig. 2b.
In fig. 4b the expectation value of the σz operator is illustrated, where the black line represents
the crossover to population inversion. On the right-hand side of the line the atom population is
inverted, corresponding to the lasing case. Fig. 4c presents the g2(0) function, where the white
line highlights a value of g2(0) = 1, indicating a perfectly coherent light field. The area where
g2(0)< 1 could be referred to as an anti-bunching regime.
3.2.2. Comparison of different geometrical configurations
Let us study the influence of the geometric arrangement of the particles for different numbers
of atoms and compare the results for the square discussed above to an equilateral triangle of
atoms and a three and four atom chain. In order to obtain a substantial effect despite our small
atom numbers, we choose a smaller lattice constant of a = λ0/10 and a fixed atomic decay rate
of Γ/κ = 0.2.
In fig. 5 we show, that for the average values the atom number is more important than the par-
ticular geometric arrangement. Interestingly for four atoms one can even reach sub Poissonian
photon statistics.
Naturally, the results depend on the average distance of the atoms, which is shown in the
0 5 10 15 20 25 30
R/Γ
0.3
0.4
0.5
0.6
0.7
0.8
0.9
〈 n〉
Triangel
Chain (3)
Chain (4)
Square
(a)
0 5 10 15 20 25 30
R/Γ
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
〈 σ z〉
Triangel
Chain (3)
Chain (4)
Square
(b)
0 5 10 15 20 25 30
R/Γ
0.95
1.00
1.05
1.10
1.15
1.20
1.25
g(
2)
Triangle
Chain (3)
Chain (4)
Square
(c)
Fig. 5: Photon number (a), atomic inversion (b) and g2 function (c) of the laser as a function
of the pump strength R for different atomic arrangements and a fixed spontaneous decay rate
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Fig. 6: Photon number (a), atomic inversion (b) and g2 function (c) of the laser as a function of
the pump strength R for a square of different lattice constants a and a fixed spontaneous decay
rate Γ= 0.2κ
following set of pictures in fig. 6 for a square of different lattice constants a with a fixed spon-
taneous emission rate of Γ/κ = 0.2. As one might have expected, fig. 6 demonstrates a much
more pronounced effect when varying the distance as opposed to changing the geometry.
Overall, despite fairly strong interactions of the atoms at small distances, the laser seems to
be very robust against such pairwise perturbations, which appear to average out quite well once
the oscillation threshold is surpassed. The differences increase with pump strength where, on
average, more particles are excited.
4. Laser stability and frequency shifts for different atomic distances
Of course, the most sought after quality of a superradiant laser is its superb frequency stability
and accuracy. In the first section we have seen that collective spontaneous decay can broaden
the laser line and dipole-dipole interactions potentially shift its position. Now, we will study
this effect for a lattice laser.
4.1. Laser linewidth and frequency shift
As is well known, the spectrum of a laser in the bad cavity limit deviates from the idealized
Shawlow-Townes result, but the center of the line still approximately follows a Lorentzian [7]
so that in our numerical analysis the linewidth and its center position relative to the bare atom
line can be determined from a Lorentzian fit to the steady state spectrum, as described in sec.
2. Therefore, the width of the Lorentzian corresponds to the laser’s linewidth while the offset
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Fig. 7: Laser linewidth (a) and frequency shift (b) for a square atom arrangement at different
distances as a function of the pump strength for a fixed atomic decay rate of Γ= 0.2κ
in the maximum describes the energy shift, which is the energy of the light field in the cavity
relative to the cavity ground frequency. Fig. 7 and fig. 8 present the fitted width γL and the
energy shift δ for different interatomic distances and geometrical configurations as a function
of the pumping rate R. For these calculations the same parameters as above were used.
In fig. 7 we depict the linewidth and frequency shift of a laser with four atoms in a square
configuration as a function of the pump strength for different inter atomic distances. We observe
a minimum linewidth at a moderate pump strength of R/κ ≈ 1.9, which corresponds to an
operation at the maximally achievable photon number, as shown in fig. 4.
For a stronger pump the perturbations due to collective interactions dominate, though signif-
icant effects appear for very closely positioned atoms, i.e. a < λ/2, only. Even with just four
atoms it is possible to achieve a linewidth significantly below the resonator’s linewidth. The
predicted frequency shift with respect to the bare atom frequency (as depicted in fig. 7) remains
very small for larger interatomic distances and reaches a maximum value when the laser is op-
erated at R/κ ≈ 3, close to the maximum photon number. This could certainly be an observable
phenomenon, but it is not detrimental for the operation of such a laser.
Interestingly, for the linewidth and shift properties, geometrical effects are more important
than they are for the average intensity. A square arrangement of the atoms creates a much larger
shift than a triangular or a linear array, as can be seen in fig. 8. Note that the increased shift with
the atom number could lead to observable perturbations for larger ensembles. Again, operation
at a lower pump intensity could help to minimize the effect.
4.2. Laser sensitivity to cavity length fluctuations
A central criterion for the stability of a laser is its sensitivity to fluctuations of the effective
cavity length, which at present is one of the main limitations of reference oscillator stabilized
lasers. Despite spectacular recent progress [28], comprehensive control at this level is still an
extraordinary technical challenge. With the atoms acting as reference oscillators less effort in
order to achieve technical stabilization is expected in an ideal superradiant laser. In the follow-
ing we will study the effect of a varying cavity frequency described by an effective detuning
(∆= ωc−ω0) on the average photon number (fig. 9) and the frequency mismatch between the
bare atomic transition frequency and the laser field (δa = ω0−ωL) as seen in fig. 10 depending
on the average atomic distance. As shown in fig. 9a for closely positioned atoms the interaction
evokes a significant blue shift of the cavity frequency, generating the maximum photon number
with respect to the clock transition. For atoms in a magic wavelength lattice (fig. 9b) this shift is
much smaller and close to the interaction-free case. The detuning sensitivity of the laser output
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Fig. 8: Laser linewidth (a) and frequency shift (b) for different geometric configurations as a
function of the pump strength for a fixed atomic decay rate of Γ= 0.2κ
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Fig. 9: Average photon number for atoms on a square with a = λ0/10 (a) and a = λmagic/2 (b)
for variable cavity detuning and an atomic decay rate Γ= 0.2κ
spectrum in these two cases is depicted in fig. 10.
We see that the laser frequency pulling via the cavity changes with the interaction and in-
creases with pumping and the intracavity photon number. Nevertheless, as indicated by the
solid and dashed lines, the effective laser frequency change remains within an atomic linewidth
even for cavity fluctuations on the order of the cavity width. At low pump strength and small
inversion a sort of self-synchronization of the atomic dipoles via direct interactions can lead to
very strong suppression of cavity fluctuations at the expense of very little output light, while for
stronger pumping interaction effects are suppressed and the cavity drifts produce a more sig-
nificant impact on the laser frequency. Overall, we observe that by choosing optimal operating
conditions a decoupling of the cavity fluctuations from the laser frequency can be suppressed
very effectively, even in the case of atomic interactions. However, this decoupling generally
also reduces the output power of the laser.
5. Conclusions and outlook
By means of numerically solvable examples involving a few particles only, we have evaluated
the influence of dipole-dipole interaction and collective spontaneous emission on the radia-
tive properties of a superradiant laser in a lattice geometry. In general, even for fairly closely
spaced atoms, shifts and frequency uncertainties are of the order of the free space atomic
linewidth. Only for very densely packed ensembles superradiant free space decay will sub-
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Fig. 10: Frequency shift for a square atom configuration with a = λ0/10 (a) and a = λmagic/2
(b) for variable detuning and a fixed atomic decay rate of Γ= 0.2κ . The dashed line represents
δa/Γ=−1 and the solid line corresponds to δa/Γ= 1
stantially broaden the laser line and increase the sensitivity of the laser frequency to cavity
drifts. Quantitatively, the various limiting cases of a completely collective laser as opposed to
an independent atom system can lead to a different scaling behavior of the photon number and
the linewidth with substantially different photon statistics. Fortunately, for a Strontium setup
based on a magic wavelength lattice, the detrimental effects remain very small, although they
could attain an observable magnitude at high filling. At optimally chosen operating conditions
dipole dipole interaction can be exploited to reduce laser frequency fluctuations via direct phase
stabilization even at very low photon numbers.
In this work we still assumed a rather ideal and to some extent artificial pumping mechanism,
replenishing the upper atomic state by introducing the minimum necessary decoherence only,
while also neglecting light shifts from the pump lasers. Any more realistic pumping via extra
levels or an injection of excited atoms would, of course, add extra noise and has to be designed
very carefully. This is one of the major remaining challenges for the implementation of such
an optical version of the hydrogen maser. In any case, from the point of view of stability and
shifts, the operation at weak pump strength seems favorable, although the very weak output
field could be a technical challenge for practical use.
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